
���

���—-��	
��
���

��

5.1����

5.2����

5.3���	�
���� ?

5.4��
�—-�� (differentials)��	��

5.5����� ,	�
����
 ?—-�
�����
��
��
��
��
���
��
��
��
�

5.6����

 (local property)�����
 (global property)—-���
���


��MVT�Taylor��

5.7����—-�
���������� (Indeterminate Forms) 


5.8��!"

5.9�#


5.1 ����

��$ %!
� f(x)	&'���
� f(x)−f(c)
x−c

(	"�)*+ (Relative Lim-

its),,�� (derivative)limx→c
f(x)−f(c)

x−c
-#$.( 
/0	�1(��
% .�2

3	�(�)-)45�6&67 .

���'89%�
�� ’:� ’();<45� (x − c)= )(>;� .

117
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5.2 ������—-��

�����

Let f be a given real function defined on a interval I containing c. We say that f is
differentiable(��� )at c if the limit

lim
x→c

f(x) − f(c)

x − c

exists. The limit is called the derivative(�� ) of f at c,denoted by f ′(c).
�� :��� f� c	���
�����
� limx→c

f(x)−f(c)
x−c

��� .�
����

���� c��� ,�� f ′(c)�� .��

lim
x→c

f(x) − f(c)

x − c
= f ′(c).

������ ,����	�� .

i) �!� ,f(x)−f(c)
x−c

����f�c	
"��(rate of change),#�
� limx→c
f(x)−f(c)

x−c

�$%���� f� c	
�&'("�� (instantaneous rate of average change),�

�&"����)*�	���� (speed)(+"�x�,-&- );�.�*�	�

�
�,/ (marginal cost )(+x�,0����
1	- .)���2 c-30� 

1	��#4,/ ;��
*�	��5�

� (the slope of tangent line.)(+��

�����6	 (x, f(x)), (c, f(c))#��
��- .)7%89:
�"�� �; ’

� ’(rate)��� ,���
<= ,�>"�2 (change)�#�: .

ii)7�� ,���� �
�—-��
� .���?@A��B ′��� ,����

���? ,���
��	 .�C
D dy
dx

, Dx, ḟ�� .�����
����EFG@

?
HI .J� ���K�@?
�� ,�������@?� ?�LMN
O?
�B
�
<= ,���
�? .���
� (��� )�� ,����� f(x) − f(c)

� (x − c)’@ ’-#P
 ’�-� ’(instantaneous quotient).

iii)79:Q� ’�& ’
�� :����RS	
�  ,T!"�  ,#$��!

"�U
,%&' V .W�T!"�&
&( ,OT!"��S0
&( ,X�Y
;-)
)� ,WTZ*[X���+�
'(
<= ,D'(�,� ,�-�\)

�$WT����!] ;.WT^_`/�
�
a'
0b .�A
��<=
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� ,����� ,�����	
������ ,
����������	�
�
�� .

iv)
����������� , f ′(x0),��������� .

v)�������� :�������� ,�� 	!�"!������#�$�

���� .%!�����#� ( &�'��(�)*���� ),��+��� (

,!�+�� 0),-±∞� ,. �/�����	0!$"�� ,�123(�)

&�/4#+�	�x$ .

�1 %�5'� f(x) = x3�x = −1*/�� .

� f ′(−1) = limx→−1
f(x)−f(−1)

x−(−1)
= limx→−1

x3−(−1)
x−(−1)

= limx→−1(x
2 − x + 1) = 3.

�2 %�5'� f(x) = |x|�x = 0*/�� f ′(0).

� f ′(0) = limx→0
f(x)−f(0)

x−0
= limx→0

|x|
x

:��� (6
p.119)

�3 �

f(x) =

{
x2 sin 1

x
x �= 0

0 x = 0

7 f(x)�x = 0*$��& ?

� $ ,,

f ′(0) = lim
x→0

f(x) − f(0)

x − 0
= lim

x→0
x sin 1/x = 0.

(∵ |x sin 1/x| � |x|).


f ′(x) =

{
2x sin 1

x
− cos 1/x x �= 0(.8/9��:�;/' 1.)

0 x = 0

�: f ′(x)�x = 0*��� .(, limx→0 f(x)���.)

' 1:f(x)%x �= 0/�'�3 (����( ):

f ′(x) = lim
Δx→0

f(x + Δx − f(x))

Δx

= lim
Δx→0

(x + Δx)2 sin( 1
x+Δx

) − x2 sin 1
x

Δx
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= lim
Δx→0

x2(sin 1
x+Δx

− sin 1
x
) + 2xΔx sin 1

x+Δx
+ (Δx)2 sin 1

x+Δx

Δx

= lim
Δx→0

x22 cos 1
2
( 1

x+Δx
+ 1

x
) sin 1

2
( 1

x+Δx
− 1

x
) + 2xΔx sin 1

x+Δx
+ (Δx)2 sin 1

x+Δx

Δx

= lim
Δx→0

x2 cos
1

2
(

1

x + Δx
+

1

x
)
sin 1

2
−Δx

x(x+Δx)

Δx
2

+ 2x sin
1

x

= x2 cos(1/x)(−1/x2) + 2x sin(1/x) = 2x sin
1

x
− cos

1

x

���� ,�����	� limx→0
sin x

x
= 1.

�2:
�f ′(0)��
 ,�������������f ′(x)��x = 0�� ,��f ′(0)

����	
 .������� f ′(x),
�x �= 0,���x = 0� .

5.3 �����?

����� !�"! ,�
��#� ,����$��%&'�� ?����(�
� ,������)� ?�� ,
*+��"�����������,- .

���

. f, g/0�1
2 ! ,�*+���34 :

AdditionRule( �) (f + g)′ = f ′ + g′

DiffenceRule(!�) (f − g)′ = f ′ − g′

ProdutRule(5�) (f · g)′ = f ′ · g + f · g′

QuotientRule(��) (f ÷ g)′ =
f ′ · g − f · g′

g2(x)
.

ChainRule("��) (f ◦ g)′ = f ′(g) · g′


�"��#�$3

dy

dx
=

dy
du
dx
du

=
dy

du
· du

dx
.
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� :�������������	 dy
dx
�
� ,������
�� ,���	��

��
 ’�� ’.����
� dy
dx
��� .

��	���
�� ,	������������� ��!��"���#$
%� .&���'
�������() .(

��������	


f(x) = x ⇒ f ′(x) = 1, f(x) = k ⇒ f ′(x) = 0, k�#�

(xa)′ =
d(xa)

dx
= axa−1 �*a�+x�,�-��� (��./�0�1p.121� 2)

(ln |x|)′ =
d(ln |x|)

dx
= 1/x x �= 0(��.p.124� 1)

(ex)′ =
d(ex)

dx
= ex

(sin x)′ =
d(sin x)

dx
= cos x

(cos x)′ =
d(cos x)

dx
= − sin x

��
���

��+�� ,23�4 ,5678� .9: �;�<' :

(f · g)′(c) = lim
x→c

f · g(x) − f · g(c)

x − c

= lim
x→c

f(x)g(x) − f(c)g(x) + f(c)g(x) − f(c)g(c)

x − c

= lim
x→c

g(x)
f(x) − f(c)

x − c
+ lim

x→c
f(c)

g(x) − g(c)

x − c
= g(c)f ′(c) + f(c)g′(c).

�! c��-�� ,=��;�

(f · g)′ = f ′ · g + f · g′.
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� :����� ,�������	�
����� ,�	
�
���� ?��
p.125�� 2.�� ,��������
���� ,������ !����" ,�
	�
#������!� .
���� ,�
�	�$� ,�%��
� .

&����'( :

(f ◦ g)′(c) = lim
x→c

f ◦ g(x) − f ◦ g(c)

x − c

= lim
x→c

f(g(x)) − f(g(c))

x − c
= lim

x→c

f(g(x)) − f(g(c))

g(x) − g(c)
· g(x) − g(c)

x − c

= lim
x→c

f(g(x)) − f(g(c))

g(x) − g(c)
· lim g(x) − g(c)

x − c

= f ′(g(c)) · g′(c)

)� c��*�+ ,,-����

(f ◦ g)′ = f ′(g) · g′

� :������.�/�����	� ,�	�
��� ?�01�-�23��
4� .�� ,���!�
� ,��04��5�6"78�� ,�1�
9�	� .

�1 :Dx(1 + x2)3.

� 1)� (1 + x2)3
�� ,

(1 + x2)3 = 1 + 3x2 + 3x4 + x6.

2)��;:2�"	�<2-

Dx(1 + x2)3 = Dx(1 + 3x2 + 3x4 + x6)

= 6x + 12x3 + 6x5 = 6x(1 + x2)2

�� �=>���� :

Dx(1 + x2)3 = 3(1 + x2)2Dx(1 + x2)

= 3(1 + x2)22x = 6x(1 + x2)2
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� :��� (1 + x2)3����� ,������ ,��	��� .�
���	���

��� .

�2 �Dx(1 + x2)1/3.

� � 1 + x2 = g(x), f(x) = (1 + x2)1/3,�
	���Dxf(g(x)),�����

Dx(1 + x2)1/3 =
1

3(1 + x2)−2/3
Dx(1 + x2)

=
1

3(1 + x2)−2/3
2x =

2x

3(1 + x2)2/3

�3 � dx2

d
√

x
.

� �	��� :
dx2

d
√

x
=

dx2

dx

dx

d
√

x
= 2x · 2√x = 4

√
x3.

�� �
√

x = u,�x2 = u4.
	��� du4

du
= 4u3 = 4(

√
x)3.

� :���
�� ,�������
� ,������� .

����� (Logarithmic Differentiation)

 �!����"��	 ��#�$�%	���� ,#
��&� (�'�$

��
 )�! ��%	�(�!� .�� '�$��
��!�) ,��*+,

�-� ../	 �!���012 ,�#�2��
3%4�567 ,�089�
�	:
;< ,:=����>� ,
?.��012 ,�	��2��
���4
��� .

�1 � y = 5

√
(x−3)4(x2+1)

(2x+5)3
,� dy

dx
.

� ��! �� ln y = 1/5(4 ln(x − 3) + ln(x2 + 1)) − 3 ln(2x + 5),

��(! x-���

dy
dx

y
= 1/5[4

1

x − 3
+

2x

x2 + 1
− 3

2

2x + 5
].

�7- ,� dy
dx

= (y/5)[ 4
x−3

+ 2x
x2+1

− 6
2x+5

].
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�2 � y = xa,��a����� ,��x�� .�	 dy
dx

.

� �
��
������ ,����a����� .����	��	���� .
������ ln y = a ln x,
���x����

dy
dx

y
= a · 1

x


�� ,�
dy

dx
= ay

1

x
= axa−1.

� :����a
�x������ ? !"� .

�3 � y = xx,	 dy
dx

.

� ������ ln y = x ln x,
��#��x����

dy
dx

y
= ln x + x · 1

x


�� ,�
dy

dx
= y(ln x + 1) = xx(1 + ln x).

� :$��%& ,�'�()���*�+ .�������x������� .��
	
��
� ,��� d(xx)

dx
= xxx−1 = xx.���
� ,xx�����������

����� .����� ,������xa = ea ln x�xx = eln xx
= ex ln x��� ,��

�	� �����!"#$
��%�&	'��('"$
 .

���� (Implicit Differentiation)


!)*(+,- f(x, y) = 0.
��
"��� ,/��0�1 y2x
34' dy
dx

.

���5�
+,-�#�1 ,�6��� ?��78#	2� �1 y	
9�5
�
+,- ,&	�x'" ,� y:x���$
 .(;� 2)

�1 � �78#!+,-x2 + y2 = 1.
 dy
dx

.

� �+,-�&�'�x�"�<

2x + 2y
dy

dx
= 0
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�� dy
dx

= −x
y
.�� ,y �= 0.

� :� y�����	��
 y =
√

1 − x2,�� dy
dx
�
 −x√

1−x2 = −x
y
.�
�
�� .�

����� ,y �= 0���� y = 0��� y	���x��� ,������� !
� .

�2 "#�$%����	x2y + cos y = 5&� dy
dx

.

� '��	�(�)'x�!�


2xy + (x2 − cos y)
dy

dx
= 0

�� dy
dx

= − 2xy
x2−cos y

.�� ,x2 − cos y �= 0.

� :*
&�����	�	��� y(+x�, ),��$%��
�-#� .

������	—-
��
���������������

./�0&�1��2��3�4�����5� ,�6�� ?7�8�5��5
9�����������, .��5����
�59:5����	; .�&�
���
�-
��$%��
 ,�<�#�2��	 ����
=�> .

� ���� x2

a2 + y2

b2
= 1-?�-�9 (x0, y0)�@�5��

x0x
a2 + y0y

b2
= 1.

� i)"#��!���5���� :2x0

a2 + 2y0y′
b2

= 0.�*�
 y′ = −x0b2

y0a2 , y0 �= 0.

ii)� i)�
� y′��?9 (x0, y0)�����	 :y − y0 = y′(x − x0))&�6� ,

x0x
a2 + y0y

b2
= 1.�&#A

x2
0

a2 +
y2
0

b2
= 1.(8 (x0, y0)�����- .)

� :./��
+B�#��!��C��
5���	�� ?��?�2��	
 D��E��A� .

�������

F f�
 �
$%��� f ′(x) �= 0,!

(f−1)′(x) =
1

f ′(t)

∣∣∣∣
t=f−1(x)

=
1

f ′(f−1(x))
.

�� ,*���!G� .

����� (The Inverse Function Theorem)—-HI ����!�
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Let f be 1-1 and continuous on an interval I. If f ′(x0) exists and is nonzero for some
x0 ∈ I,then f−1 is differentiable at y0 = f(x0)and

(f−1)′(y0) =
1

f ′(f−1(y0))
=

1

f ′(x0)
.

�� ,� f��� I���	����
�� .�	�x0 ∈ I, f ′(x0)���
� 0,�

f−1� y0������������� .

(f−1)′(y0) =
1

f ′(x0)
.

�������� ,����� �
! .

���� �x0 = f−1(y0), x = f−1(y)."#��$% ,

(f−1)′(y0) = lim
y→y0

f−1(y) − f−1(y0)

y − y0

= lim
x→x0

x − x0

f(x) − f(x0)
= lim

x→x0

1
f(x)−f(x0)

x−x0

=
1

f ′(x0)
=

1

f ′(f−1(y0)

	&'( y → y0 ⇔ x → x0(�#��� )� f ′(x0) �= 0.


 :�$)���
�"����$% f(f−1(y)) = y�� .��	 y*#+

f ′(f−1(y))(f−1)′(y) = 1 (	&',��� )-�.��+� .(y�-/ y0� .)0�

1	2�
 ,����+ f−1(y)���� ,3045���	6 .

�1 7'���$) ,�8 d ln x
dx

.

� �� ln x� ex���� ,9"���$)+

d ln x

dx
=

1
det

dt

∣∣
t=ln x

=
1

eln x
= 1/x, x > 0.

�2 7'���$) ,�8 d sin−1 x
dx

� �� sin−1 x� sin x���� ,9"���$)+

d sin−1 x

dx
=

1
d sin t

dt

∣∣
t=sin−1 x

=
1

cos(sin−1 x)
=

1√
1 − x2

, |x| < 1.
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5.4 ������ ,����?

1o�������� (Differentiability of Real Functions)

���� ,����������	�
������
������� ,����
����	����	�����
���������� . (�� ,����	�

� f ′(x0)�
������ ,���������� ,���� ��� .)

	
�� :��	!�� .���! .�� :���� f��� (a, b)"��	� ,�

f!�#�� "�� .��� ,$����% ,��!$��	 .

� &��� :

lim
x→c

f(x) − f(c) = lim
x→c

f(x) − f(c)

x − c
(x − c)

= lim
x→c

f(x) − f(c)

x − c
lim
x→c

(x − c) =�� · 0 = 0

�' limx→c f(x) = f(c),(�� f� c%�� ,� c�)�* ,+,� .


� (��� )� f(x)�x = c%$�� ,�	��- f(x)−f(c)
x−c

�� f(c)��./ ,(

��	0�1�!$�� ,+2�3$4 .,� .
�� ,5 f(x) = |x|�x = 0%���$��	 .

 1:"��� ,674�3�1�����3 ,�	8
 (x − c),9!:;�"#<

$: ,��=>� .?@ABB�$9% feeling.
 2:	� ,CD1��� ,! limx→c f(x) = f(c)(�� f(x)�x = c%�� ),�&�E

FG���HI�f(x)− f(c)!
8J (x− c),K�2	'0� .(��� ,1�f ′(c)

$�� ,�		' limx→c(x − c) = 0

� �f ′(c) > 0,��L�ε
0��c����(c−ε, c+ε)Mf ′(x) > 0∀x ∈ (c−ε, c+ε)

NOP .

� (
�1�����Q ,����)��*�Q ,�*�Q�L�< ,	RS+�

Q��,� .)

&�3 f ′(c) > 0� ,∃ε > 0 such that∀x ∈ (c − ε, c + ε), we havef ′(x) > 0.

2o����� (Linear Approximations)
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����������������������� .�	 ,
��������

	��� .(����������
 ,��������� .)��	��
���

��	�� ,������	�����	 .��� f� a
	�����
�� a
 �!��� (���" )����#�� ($
% ):

f(x) ≈ f(a) + f ′(a)(x − a),

�&����'	�
���() :

Δf(x) ≈ df(x) = f ′(x)Δx.

���*���	���� ,����� ?+���,�����- ,���.��
���/�0�������—-
	/�������� .
12���	���3���4 ,5()&�6� .7� ,89)�8:3()�4
� .(�$; < (p.158� (3))).

� !� a = 1 ,��� f(x) =
√

x + 3���	��� ,=����
√

3.98�	�

� .

� >?���	��@L(x) = f(1) + f ′(1)(x − 1) = 2 + 1
4
(x − 1),"- f ′(1) =

1
2
√

x+3
|x=1 = 1

4
.+ f(x) ≈ L(x),A

√
x + 3 ≈

7
4

+ x
4

(BxC	 1" .)

�#,
√

x + 3���	���
√

3.98�	��" ,�$�8x�D� .E�x��1�

	 .
$x = .98.@

√
3.98 ≈

7
4

+ .98
4

= 1.995.
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3o�����

�f ′(c) > 0,� limx→c
f(x)−f(c)

x−c
> 0� (�f(x)�c�������	��
��
 ),�

f(x)� c������ (�f(x)− f(c)�x− c�� .)�� ,� limx→c
f(x)−f(c)

x−c
< 0� (�

f(x)� c�������	��
��
 ),� f(x)� c������ (� f(x) − f(c)

�x − c�� .)

���	
��—
�������

	
����� ?�a2 + b2 � 2ab�
����� ,�
��a, b�
���� .��

���������������� ,������������� . �����
��� ,�!"�# .
�$%�������&'��(��)	� ,�*+������,-�(�.

�(����/
0+��������� .123��4� .

�1 �� ex � (1 + x), x � 0.

� �f(x) = ex − 1− x,�f ′(x) = ex − 1 � 0, ∀x � 0 (� ex � 1#x � 0� )�5f(x)


��(� ,� f(0) = 0.6-� .

�2 �� ln x � (x − 1)∀x � 0.

� � f(x) = x − 1 − ln x,� f(x)�7
$��(� .*�

f ′(x) =

{
1 − 1

x
� 0, ∀x � 1

1 − 1
x

� 0 ∀0 < x � 1

�5 f(x)�x ≥ 1
��(� ;f(x)� 0 < x ≤ 1
��(� ,� f(1) = 0.6-� .

� :8��������9 :�+;���<=�>��� ,�
�
��(
� .� ?@<=�� A )�� .

������������

B�(� f(x)�x = c����C
 0!�"� (� f ′(c) = 0!�"� ),� f ′(x)� c

���"�� ,
i)� f ′(c−) < 0, f ′(c+) > 0,� f(x)� c������DEC (Relative Maximum)f(c).

ii)� f ′(c−) > 0, f ′(c+) < 0,� f(x)� c������D#C (Relative Minimum)f(c).
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���

�� i)����� f(x)� c��������� ,� f(x)� c�����	
�

� .
�� ,ii)����� f(x)� c��������� ,� f(x)� c�����	


�� .

�1 � f(x) = 1
3
x3 − x2 − 3x + 4��	
� .

� �� c� f ′(c) = 0:� f ′(x) = x2 − 2x − 3 = (x + 1)(x − 3),�� c = −1, 3

� c = −1� ,f(−1−) > 0, f ′(−1+) < 0,��� f(−1) = 17
3
��	
�� .

� c = 3� ,f(3−) < 0, f ′(3+) > 0,��� f(3) = −5��	
�� .

�2 � f(x) = 1
3
x3 − x2 − 3|x| + 4��	
� .

� �x ≥ 0� ,��	 1,�� c = 3�
����	
�� ;�x < 0� ,��	 1,�
� c = −1�
����	
�� .�� ,�� ,�
���x = 0�
�� (� f ′(0) 

�� ,�!���" ,���	���� ),�f ′(0−) < 0, f(0+) > 0,��f(0)���	


�� .

� :�������#$ ,�%�� f ′(c−) < 0, f ′(c+) > 0�&���� f ′′(c)>0�'(

) . *&+,���-. ,�/��0����#$ ,1�/02 34����
� ,�25/������ ��� ,0����#$����3� .

4o�����—-���678 

9,�:��;�1�! ,< f(x)−f(c)
x−c

�=9��� f(x)�x> c�6�78� ,(�


?5��678 .�@��� c����5��
��� c���678� .(�

���A�����"��	"���B� .)�678 / /BCD�'���

�%#$ ?

5.5 ����

1o�	
�

1. dk = 0,��k�E� .
2. d(ku) = kdu,��k�E� ,(u�	%���"�� .

3. d(u + v) = du + dv,��u, vFG�'%���"�� (H�
 ).
4. d(uv) = udv + vdu
5. d(u

v
) = vdu−udv

v2

6. d(ur = rur−1)du,�� r>x
I .
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7. d(u ◦ v) = du(v)dv(������� )

� �	
������ .
(a) y = f(x) = 2x3 − x + 5
(b)y = f(x) =

√
x2 + 4x − 1

(c) y = f(x) = cos(x4 − 5x2 + 12)

� �����
��� :
(a) dy = (6x2 − 1)dx.

(b) dy = (x+2)dx√
x2+4x−1

(c) dy = − sin(x4 − 5x2 + 12) · (4x3 − 10x)dx.

2o����

��������������������� ,��������	����

�� ;����������� ;���� ����
�!"# .�������
�� (� f ′′(x)� d2y

dx2�� )� ?��������$�	��
��� (concavity).%

� ,�&��������'()�	�� (acceleration).����*+��� (�

�� )��,!-��.�/�� (twist)0��� (skewed)� ,12�
(�� ,3

45���6 .

� �	
����D20
x y

a) y = x19 + x12 + x5 − 10 b)y = x21 + 3x20 c) y = sin 3x

� a) D20
x y = 0 b)D20

x y = (21)!x + 3(20)! c) D20
x y = 320 sin 3x.

5.6 ��������	
�

���

�7� ,��89�:��� ,1:;���)����� :� f���<�)��
�� !��& ,��3
 f=����� (differentiable function).>&�����

���� f ′(x)? .�@��A& ,=

lim
Δx→0

f(x + Δx) − f(x)

Δx
= f ′(x),∀x ∈ dom f.



132 ��� ���—-��	
��
���

������Δx�x��� .
� :�� f ′(x)��	
���
��� ,�	 f�������� f(x+Δx)−f(x)

Δx
�


� .�� ’� ’���	� .

�1 ����� f(x) = x3���� f ′(x),����� .

�

f ′(x) = lim
Δx→0

(x + Δx)3 − x3

Δx
= lim

Δx→0
(3x2 + 3x(Δx) + (Δx)2) = 3x2

	���� f ′(x)�����R.

�2 ����� f(x) = |x|���� f ′(x),����� .

� 	�������

f ′(x) = lim
Δx→0

|x + Δx| − |x|
Δx

=

{
limΔx→0

x+Δx−x
Δx

= 1 �x > 0�;

limΔx→0
−(x+Δx)−(−x)

Δx
= −1 �x < 0�.

	���� f ′(x)�����R \ {0}.(� p.91	 1.)

�3 �

f(x) =

{
x2 sin 1

x
x �= 0

0 x = 0

������ f ′(x).!" f ′(x)
�� ?

� 	��
#

f ′(x) =

{
2x sin 1

x
− cos 1

x
x �= 0($��	��%p.117��� 1.)

0 x = 0


% f ′(x)&x = 0'(
� .() limx→0 f ′(x)(�&.)

1o������	
� (The Mean Value Theorem(MVT)for derivatives)—-�

�*+�,�)��,

let f be a real function continued on [a,b] and differentiable on (a,b). Then there exists

a real number c such that f ′(c) = f(b)−f(a)
b−a

.
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�� :���� f ���� [a, b]	�� ,����� (a, b)	�
� .��
��

c ∈ (a, b)� f ′(c) = f(b)−f(a)
b−a

.

����

�F (x) = (f(b) − f(a))x − f(x)(b − a),�

F (a) = F (b) = f(b)a − f(a)b

�� ,��� ,F (x)� [a, b]	�� ,�� (a, b)	�
� ,������	�� c ∈ (a, b)

�F ′(c) = 0.�
F ′(c) = (f(b) − f(a)) − f ′(c)(b − a),��� :

f ′(c) =
f(b) − f(a)

b − a
.

� 1:	��
��� .�����
������F (x)��� !"� ?#��

$%&
'�����(")�� .�*+���������� .�,����
- ,��
��ϕ(x)����.�/�0 0,�1�� .�
2�������34

f(b)− f(a)− f ′(c)(b− a) = 0.56��00,�078�������9: . ���

;���,	<	!"���-9������/�# ?�
*�F (x);�=��

>x? ’�/ ’9���� . (�* c�
4x. )

�2:�
*�F (x)$��4F (x) = f(b)−f(x)−k(b−x),�*k�f(b) = f(a)+k(b−a)

�� . k�� ,� %0�9&�'y = f(x)	(@�

'(�AB(a, f(a)), (b, f(b))

9��& )�C'�� .�DEFG .
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���

� 3:�������� ?������������������ (	��
	


�� ).�

������������ ,����������
��� .���

�� ,
��������������������� , ���!"����#
$�� .(%&'� .)

� 4:�!
()* c����+�	,� .
-���#$.� c,��� (/0#$

��� )���1�2�3��� ./��4�3� ,�546��1�� .��7

80�9)#$:�1���� ,/;#$ .�
.��#$��<1 .*�8=�
> , 1?@ A$,�!B .

�1 "C4���#$�� | sin x − sin y| � |x − y|,∀x, y ∈ R.

� 
 f(x) = sin x,# f(x)�D�$� [a, b]0%&E��� ,F����#$G

∀x, y ∈ [a, b], | sin x − sin y| = (cos c)|x − y| � |x − y|,

�. cH�I	J7 ,'�x, y�� .(| cos c| ≤ 1).

�2 "C4���#$�� :(F ′(x) = G′(x), ∀x ∈ some intervalI,#
�-7C5
F (x) = G(x) + C, ∀x ∈ I.

� 
H(x) = F (x) − G(x),∀x ∈ I,#�)KGH ′(x) = 0.L����#$�*�	

#J7x0 ∈ I
L�J7 c'�x�x0���M

H(x) − H(x0) = H ′(c)(x − x0) = 0.

�NH(x) = H(x0),∀x ∈ I.��G�F (x) = G(x) + C, ∀x ∈ I,�.C = H(x0).� ;!

�*OPQ7
��RQ7 ,�!��+�H�-7S ,��H6PQ7�,P
(antiderivatives).

�� :����	
��
�������	���

-���#$�./0T�

f(b) = f ′(c)(b − a) + f(a)1f(b) − f(a) = f ′(c)(b − a)

� ,1�1UV.78�W8��S�XY#$1Z�#$ (2[ )

f(b) = Q(b)(b − a) + f(a)1f(b) − f(a) = f ′(c)(b − a)
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��� ?��������	
��Q(b)��
� f ′(c)�� .�� ,��� f��

��� ,�������� .������� !��
��"# ,�����	$
�$
�%&'� ?( f(a) = 0) ,*�	"#� ,��� f(x)
!+� (x − a);,

-
 ,��./0"# ,�1
2 ,����� f(x)�
! ’+� ’(x − a),( f(a) = 0

) .�3 f(x) = sin x,�* f(0) = 0� f(x) = sin x
x − 0�+� .4*./0"#	

56� :sin x = (x − 0) cos c,�� c ∈ (0, x)� (x, 0).

7�������
��"#89�� ,:;<�
./0"#����� .

3o Taylor��

=�./0"#>?5@�
�� .

Taylor Formula with Error Term

Iff has derivatives of all orders in an open interval I containing a,then for each positive
integer and for each x ∈ I,

f(x) =
n∑

k=0

f (k)(a)

k!
(x − a)k + Rn(x)

is called the Taylor Formula with Error Term, where

Rn(x) =
f (n+1)(c)

(n + 1)!
(x − a)n+1,

called error term, for some c between a and x.
AB ,�fC��D I(
a)E!��
� ,�FG�H��n�F�x ∈ I,I�� (


�Taylor � )�J :

f(x) =
n∑

k=0

f (k)(a)

k!
(x − a)k + Rn(x),

��

Rn(x) =
f (n+1)(c)

(n + 1)!
(x − a)n+1,

(
���� ,)� c�!"aKx�D�L(�� .

Taylor ���#�$��	
����
�Taylor��� (Taylor polynomial),4

���	M� f(x)
n���	 (n-th Approximate.)���% ,(n(n > 1)) ,nN&

�O(�'P�N&O�OQ� (�$'(�� ).�� ,R�))DS*��� .
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���� ������������ .�

F (x) = f(b) − {f(x) +
f ′(x)(b − x)

1!
+

f ′′(x)

2!
(b − x)2 +

f ′′′(x)

3!
(b − x)3

+ · · · + f (n−1)(x)

(n − 1)!
(b − x)n−1} − k

n!
(b − x)n.

��	
k���

f(b) = f(a) +
f ′(a)

1!
(b − a) +

f ′′(a)

2!
(b − a)2 + · · · + f (n−1)(a)

(n − 1)!
(b − a)n−1

+
k

n!
(b − a)n −−−−−−(∗)

�
k�� .��F (x)�� ,�������

F ′(x) = − f (n)(x)

(n − 1)!
(b − x)n−1 +

k

(n − 1)!
(b − x)n−1

�� ,�	F (a) = F (b) = 0,�����
������ c ∈ (a, b)�F ′(c) = 0.���

k = f (n)(c)��
��� (∗)�����Taylor�� .(�� b��x. )

� :�
 �		
���
!
"�#$�%&�'
!
(�� (�)�*�

�
 ).�Taylor��+,-� ,�./01�!
(��-�2!
 .34���1

�� ,5/01�!
(��-�!
�67�8� .(�9:;<�=Taylor�
 .)

5.7 �������

1o����	��
 (Curves Sketching)

�42!

>?#� ,�!
�@A—��—
 #�BC� ,���
!��4
��
�� ,8�D�
 ) 
EF "#G( H��)$%� .

�
�� (Summary of the Method)

@A2!
�@%8�-I	&J�K .8LMA���!
�@A8'
B .
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Step 1:Precalculus Analysis
(i) Check the domain and range of the function to see if any regions of the plane are
excluded.
(ii) Test for symmetry with respect to y-axis and the origin.(Is the function even or odd?)

(iii) Find the intercepts.(�� )

Step 2:Calculus Analysis
(i) Use the first derivative to find the critical points and to find out where the graph is
increasing and decreasing.
(ii) Test the critical points(��� (����� )) for local maxima and minima.

(iii) Use the second derivative to find out where the graph is concave up(��� ) and

concave down(��� ) and to locate inflection points.(������ )

(iv) Find the asymptotes(��� )

Step 3:Plot a few points(including all critical points and inflection points).

Step 4: Sketch the graph.

�1 �� y = x2−2x+4
x−2

��� .

� i)���	
����
���	�
�
�����
� .
���		�

x-�� (������ .)�y-���−2(�x = 0�� ).
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ii)������ x = 2(∵ limx→2− y = −∞, limx→2+ y = +∞);������ y = x
(∵ y = x + 4

x−2
)

iii)

y′ =
x(x − 4)

(x − 2)2
; y′′ =

8

(x − 2)3

iv)����� :���	 (
��	 (critical points))��� :

x · · · 0 2 4 · · ·
y − −2 ±∞ 6 +
y′ + 0 ±∞ 0 +
y′′ − − ±∞ + +

�2 �� y =
√

1 + x3
�� .

� i)�� :1 + x3 ≥ 0,��x ≥ −1;	��
 .

ii) y′ = 3x2/2√
1+x3 , y

′′ = 3x√
1+x3 − 9x4

4(
√

1+x3)3/2

iii)

x −1 0 1 3
√

2 · · ·
y 0 1

√
2 + +

y′ +∞ 0 + + +
y′′ − 0 + 0 −



5.7. ������� 139

�3 �� y = sin(x2)��� .

� �� y = sin x�������� ,� 2π��� ,��	� 1��	−1�
��
� .
�� y = sin x2����	
������� ,
������� ,
� x����
0,
√

π, · · · .

2o��� (Indeterminate Forms)�����

���� ,���� 0
0
�� ,������������ ,� ��!��"��

	 ,��#���	
$%& . (�� ,��&���
�0,'()������ .)�

*
�+, ,
���)�-�����.��/� (/�0� 0�1 .)�1
2�

��3�/� 
������0� .���45��.�6�&7�)� .

�	�
� (L′Hôpital′sRule)

8 f, g�9� c:
��&;<= ,� limx→c f(x) = 0, limx→0 g(x) = 0.�

lim
x→c

f(x)

g(x)
= lim

x→c

f ′(x)

g′(x)

,
2>?&����� . (� ���0���� 0
0
�� ,�>�@A0�±∞��

*
B��� .)


��
 ����8 limx→c f(x) = 0, limx→0 g(x) = 0C� f(x)D g(x)��E ’/-

’(x − c)1�����F����3 .GHI� 
J�K=
L	�M%! .A4
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���

�� .(����������	
� )

lim
x→c

f(x)

g(x)
= lim

x→c

f ′(x)

g′(x)
= lim

x→c

f ′(ξ1)(x − c)

g′(ξ2)(x − c)
= lim

x→c

f ′(ξ1)

g′(ξ2)

= lim
x→c

f ′(x)

g′(x)
,

�� ξ1, ξ2
��x, c������� .

�����
������
����� .�
��� ±∞
±∞ ,∞−∞, 0 · ∞,∞0, 1∞, 0∞

�� .�����	 ,�
��� �!�"� .#$%&
'� .()!���
* ,+���� c	,±∞- .

�1 �. limx→0
cos x−1

x
.

� limx→0
cos x−1

x

/����012-3 0

0
� ,4
��� �!� .�5 ,

limx→0
cos x−1

x
= limx→0

− sin x
1

= −0.

�2 �. limx→π/2
sec x

1+tan x
.

� limx→π/2
sec x

1+tan x

/����012-3 ∞

∞� ,4�
��� �!� .�5 ,

limx→π/2
sec x

1+tan x
= limx→π/2

sec x tan x
sec2x

= limx→π/2 sin x = 1.

�3 �. limx→1(
1

ln x
− 1

x−1
).(6∞−∞��
� )

� limx→1(
1

ln x
− 1

x−1
)
/�7012-3∞−∞� ,�6�
��� .�8���

 �!�9�����:�,;���� .�5 ,

lim
x→1

(
1

ln x
− 1

x − 1
) = lim

x→1

x − 1 − ln x

(x − 1) ln x

= lim
x→1

1 − 1
x

ln x − 1
= lim

x→1

1
x2

1
x

= lim
x→1

1

x
= 1

�1:�
�∞−∞��<∞� 6=��� ,4�� 
> .?@�AA� :�x → 1
- ,ln xBx − 1�@�C�/� 0?�@D 1

ln x
B 1

x−1
���
�∞�C� ?�E� 1

ln x

�� ’� ’.
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� 2:���� ,����p.93� 5o ii) ,��	
���
��n�� ,ln n < nα,��

α��n�������� .�� ,��	
���
��n�� ,nα < en,��α��
n�������� .���������	��
��� ,!"
����# .(

��$p.193� 4.)

(∵ lim
n→∞

ln n

nα
= 0; lim

n→∞
nα

en
= 0).

�� f ′� f ′′��� f

�%&�f(x)�#�'�f ′(��'�f ′′,)*+�,�-f(x)’� ’.�/� ?��

"0 � ,!��1&� f(x)�#�'� f ′���'� f ′′,2��3 f(x)� .4)*

0�5 .

� �� f��+6�789���
 .

i) f ′(x) > 0�(−∞, 1)�, f ′(x) < 0�(1,∞)�

ii)f ′′(x) > 0�(−∞,−2)((2,∞)�, f ′′(x) < 0�(−2, 2)�

iii) limx→−∞ f(x) = −2, limx→∞ f(x) = 0

� ��� i)�f� (−∞, 1)�� ,� (1,∞)��! .:��� ii)�f� (−∞,−2)(

(2,∞)���� ;� (−2, 2)���8 .;��� iii)�f�6���<�"#y = −2(
y = 0.

$=>� ,�. f�6�	?@6AB .

�2 @6!�%�#
C .D���!&� f( f ′, f ′′�6� .�
E&*� f�6
� ?
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� (c)� f ��� .(������� ,��	
����
�����	� .�

� :(b)� f ′��� )

�����������	
���

� c����������
� ,�� limx→c
f(x)−l
x−c

�� ,� limx→c f(x) = l.�

limx→c(f(x) − l) = limx→c(x − c)f(x)−l
x−c

= limx→c(x − c) limx→c
f(x)−l
x−c

= 0 ·�� = 0.(

�� ,l	�
� f(c),��������� limx→c
f(x)−l
x−c

.)�� ,�
����	��

�� .� f(x) = |x|�x = 0 .
��!"#���#����
��$% .

��&$ ,'�
� limx→0
sin x

x
= 1�(� :���sin x�0���� ,� limx→0

sin x−sin 0
x−0

=

cos x|x=0 = cos 0 = 1.��� ;�)*+,���� sin x��� ’-./ ’(x − 0)�

sin x = (x − 0) · cos c,�0 c��� 01x�2�3� .

4� ,� limx→0
ln(1+x)

x
= 1���� ln(1+x)�0����� ,� limx→0

ln(1+x)−ln(1+0)
x−0

=

1/(1+x)|x=0 = 1/(1+0) = 1�56(� .��)*+,��7(�5 limx→0
ln(1+x)

x
=

limx→0

1
1+c

x

x
= limc→0

1
1+c

= 1.�)*+,���� ln(1 + x)��� ’-./ ’(x − 0)�

ln(1 + x) = (x − 0) · 1
1+c

,�0 c��� 01x�2�3� .

89 ,��
:�;<�= ,��
� limx→0
sin
x

= 1,���� d sin x
dx

= cos x.�	8�


>�. .
?��� ,�@
�=?�
��'� ,A?�
�BC�� "!���"# .;
<8�$�@
�&DE?�
��
F .�G"# .
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lim
x→c

(f(x) − l) = lim
x→c

(x − c)α f(x) − l

(x − c)α
= lim

x→c
(x − c)α lim

x→c

f(x) − l

(x − c)α
, for some real α > 0,

����������� .
i)� limx→c

f(x)−l
(x−c)α ��� ,���������� ,		
 limx→c f(x) = l.(���


��	������� ,
�α = 1��� .)

ii)� limx→c
f(x)−l
(x−c)α ���
� c������ ,����������� ,		


limx→c f(x) = l.(���
����	�
�������� .)

���������

�������� ( �p.82 a)),��!�"����#$ .�"��

lim
x→c

f(x) − f(c)

x − c
= lim

x→c

(x − c)g(x)

x − c
= lim

x→c
g(x),


��%f(x)− f(c) = (x− c)g(x)&'(�� limx→c f(x) = f(c)�)�*��� .�

���� g(x)������
�� ,
(��%������	&' f(x)� c+�

�� (������ ).,-.���/���*
 ,�01234����� .(�

�	���"��#5����60�� ,'� ?
�"��7	83,�'���
����9%:2—-;<=>%�9%:2 .�
�?� ,f(x)−f(c)

x−c
� � f(x)'=>%� ,	@���! .
A
����B�� (�

����� )C ,	"DEFG:2��B	HI���9%:2 :f(x) − f(c) =
f ′(c̄)(x − c).

I#J (analysis)'�J��$% ,K%������&' ,	&'LMI3*(�

��9%)� ,8N�OP
Q& .HRI&'I#J�
� .

5.8 ����

S�:TB������� ,	'"UV���*V�� .	7'�*�� ,W�"
�� .�B������C ,&	8+$� (locally)�,X�����YQ& ,Z�

�&[-.&[/&�0&�� ,I
Z\ .

i)	HI& (differentiability):�
�"�����& .1�*(����]��"�

����� .����� ,�	^_X��`=
aQ&Z\*� ,b8	HI&�
�� ,8N�C2��
 .
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ii)����� (monotonicity):� f(x)� c����� ,�� limx→c
f(x)−f(c)

x−c
	�� ,�

� f ′(c)
� ,�	 f ′(c) > 0� ,�
��
���� c���� (c− δ, c + δ)� f(x)�


��� .(� f(x) − f(c)�x − c������� .)�� ,	 f ′(c) < 0� ,�
��


���� c���� (c− δ, c + δ)� f(x)�
��� .(� f(x)− f(c)�x− c����

��� .)

� :����
��
������
������
� .

iii)����� (linear approximate):� f(x)� c����� ,�� limx→c
f(x)−f(c)

x−c
	

�� ,�� f ′(c)
� ,��
��
���� c���� (c − δ, c + δ)� f(x) ≈

f(c) + f ′(c)(x − c).(
��� x��!" ,#�� f(x)�����" .)

iv)����� (local boundedness):$�����%& f(x) ���� ,∀x ∈ (c −
δ, c + δ): |f(x)| < f(c) + |f ′(c) · 1|,
�'�( δ = 1.

v)�)*+�(instantaneous average):��)*+�������)�*+� .(MVT),

�)*+��	�-."/����—–/��	�01 .

��������� :

lim
x→c

f(x) − f(c)

x − c
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

	�
 = f ′(c),	x → c ⇒ f(x) → f(c),


limx→c−
f(x)−f(c)

x−c
= limx→c+

f(x)−f(c)
x−c

�−−− (i);

'	�
 = ∞,	x → c ⇒ f(x) → f(c)�—(ii);

∞ 	x → c ⇒ f(x) �→ f(c)�—(iii);

'	�� �= ∞,	x → c ⇒ f(x) → f(c),�

limx→c−
f(x)−f(c)

x−c
�= limx→c+

f(x)−f(c)
x−c

�−−− (iv)

� :23�"4�
�5� ?
(i)
67" f(x) − f(c) ≈ f ′(c)(x − c),� f(x) − f(c)����� ’�" ’(x − c).(��

�x = c��8��9 .)

(ii)
�� y = f(x)�x = c���
8��9 .(:�� y = x2/3; y = x1/3	x = 0

� ;)

(iii)
�� y = f(x)�x = c��8��9 .(:���x = c���<� .)

(iv)
�� y = f(x)�x = c��8� (�����'��# )�9 .(:�� y = |x|�
x = 0��	<� .)
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5.9 ���

1.������ ,����	�
������ .
a) f(x) = 1

x−2
; x = 2 b) f(x) =

√
x2 + 4; x = 1 c)g(s) = cos πs sin2 πs; s = 1/2.

d)�

f(x) =

{
x+2
x2−4

x �= −2
1
−4

x = −2
; x = −2.

2.��	���� ,����	���	�
a) f(x) = x2 − 3x b)f(z) =

√
2z − 3 c) g(x) = x2−3x+7

x+1

d)�

f(x) =

{
x+2
x2−4

x �= −2
1
−4

x = −2

3.�

f(x) =

{
x sin 1

x
x �= 0

0 x = 0


 f(x)
x = 0����� ?�
 f(x)��� ?

4.�������	� (����� ),����	���	� .
a) f(x) = 3

√
5x − 2 b) f(x) = (x2 + 3x − 6)1/3 c) f(x) = 32x+1

d)f(x) = xx2

5.�

f(x) =

{
mx + b �x ≤ 2�

x2 �x > 2�


��m, b���� f����� .

6.�

f(x) =

{
x3 sin 1

x
x �= 0

0 x = 0


 f(x)
x = 0����� ?�
 f ′(x)��� ?� f ′′(0)�� .

7.����������	���	� .
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a) x2y − 1 = xy2 b) cos(xy2) = y2 + x c) x3 + y3 = 3xy + 1
d) ex+y = 1 − xy

8.���������
a) y = (2x + 3)−4 b) y = (1 − e5x) ln x c) y = (1 + tan x)3

d) s =
√

(t2 − cot t + 2)3

9.�������	
�������� .
a)

√
x + 1	a = 3 b) ln(x + 1)	a = 0 c) x cos x	a = 1

10.
�� f ��� .	�������� f(x + h) ≈ f(x) + f ′(x)h.�� ε(h) =

f(x + h) − f(x) − f ′(x)h,�

a)limh→0 ε(h) = 0

b)limh→0
ε(h)
h

= 0.

11.��������
�
a) | tan x − tan y| � |x − y|,∀ x, y ∈ (−π/2, π/2).

b) π
4
− 1−x

1+x2 < tan−1 x < π
4
− 1−x

2
,� 0 < x < 1� .

c) x
1+x

< ln(1 + x) < x,�−1 < x < 0�x > 0� .

12.����
�	
��������������
 ?
i) f(x) = |x − 1|, [0, 3] ii) f(x) = x1/3, [−1, 1]

13.��������������
� (���� �� )

a) 2/π < sin θ/θ < 1� 0 < θ < π/2� .

b) p(x − 1) < xp − 1 < pxp−1(x − 1)� 1 < x, 1 < p� .

c) m(x−1)
x1−m < xm − 1 < m(x − 1)� 0 < m < 1, 1 < x� .

14.��L′Hopital�� ,����!"� .
a) limx→0

x−sin 2x
tan 3x

b) limx→0
ex−ln(x+1)−1

x2 c) limx→0+ xx

d) limx→0(
1
x
− 1

sin x
)

15.������
#�����F�$� :
a) F%%��
b) F (−2) = 3, F (2) = −1;

c) F ′(x) = 0�x > 2�

d) F ′′(x) < 0�x < 2�
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16.�������������F	
� :
a) F����

b) F���π
c) 0 ≤ F (x) ≤ 2, F (0) = 0, F (π/2) = 2;

d)F ′(x) > 0
 0 < x < π/2�,F ′(x) < 0
π/2 < x < π�;

e) F ′′(x) < 0
 0 < x < π�.

17.� f(x) = x2 + 2x�� g(t) = t2 sin π/t + t, t �= 0; g(0) = 0.	�F (t) = f ◦ g(t).��
F ′(0).

18.	�
� [a, b]� f ′(x) �= 0� f���
�������� .�
� .�����

��� ?

19.�
 :	 f(x)�
� I�� f ′(x) = 0,� f(x)� I������ .

20.�

f(x) =

{
e−1/x2

x �= 0�

0 x = 0�

�
 f(x)����������� .

21.�xy2 + 2y(x + 2)2 + 2 = 0.

a)	x�−2.00 !−2.01� y > 0,� y	�� ���"� ?

b)	x�−2.00 !−2.01� y < 0,� y	�� ���"� ?

22.� f(x) = x tan−1 1/x
x �= 0� ,� f(0) = 0.� f�x = 0���� ?#� f�$�

�%�&'� ?

23.(���)�� :
f0(x) = cos x − 1

f1(x) = sin x − x

f2(x) = cos x − 1 +
1

2
x2

f3(x) = sin x − x +
1

6
x3

f4(x) = cos x − 1 +
1

2
x2 − 1

24
x4
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f5(x) = sin x − x +
1

6
x3 − 1

120
x5

�� f ′
1(x) = f0(x)� f0(x) � 0�x > 0� .�� f1(x)���x��� ,��� f1(0) =

0,� f1(x) < 0� x > 0� .�� ,�� f ′
2(x) = −f1(x).��	�	 f2(x) > 0� x > 0

� .�
�� ,�
 :
x > 0,

x − 1

6
x3 < sin x < x − 1

6
x3 +

1

120
x5

� 1 − 1

2
x2 +

1

24
x4 − 1

120
x6 < cos x < 1 − 1

2
x2 +

1

24
x4.

��������� ?

24.�a, b, c, d��� ,�

lim
x→0

ax2 + sin bx + sin cx + sin dx

3x2 + 5x4 + 7x6
= 8

�a + b + c + d�� .

��������

1.a)������x = 2��� ,�
����� .

b) f ′(1) = limx→1

√
x2+4−√

5
x−1

= limx→1
x2−1

(x−1)(
√

x2+4+
√

5)

= limx→1
x+1√

x2+4+
√

5
= 2

2
√

5
= 1√

5

c) g′(1/2) = lims→1/2
g(s)−g(1/2)

s−1/2
= lims→1/2

cos πs sin2 πs
s−1/2

= lims→1/2
− sin π(s−1/2) lims→1/2 sin2 πs

s−1/2
= −1 · π · 12 = −π.

d)f ′(−2) = limx→−2

x+2
x2−4

+ 1
4

x+2
= limx→−2

4+(x−2)
4(x+2)(x−2)

= limx→−2
1

4(x−2)
= −1

16
.

2. a) f ′(x) = limh→0
f(x+h)−f(x)

h
= limh→0

(x+h)2−3(x+h)−x2+3x
h

= limh→0
2xh+h2−3h

h
= 2x − 3.

b) f ′(z) = limh→0

√
2(z+h)−3−√

2z−3

h
= limh→0

2(z+h)−3−(2z−3)

h(
√

2(z+h)−3+
√

2z−3)

= 2
2
√

2z−3
= 1√

2z−3
, z > 3/2.

c) g′(x) = limh→0
g(x+h)−g(x)

h
= limh→0

(x+h)2−3(x+h)+7)+(x+h)+1
x+h+1

−x2−3x+7
x+1

h
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= limh→0
[(x+h)2−3(x+h)+7](x+1)−(x2−3x+7)(x+h+1)

h(x+h+1)(x+1)
= x2+2x−10

(x+1)2
, x �= 0.

d)f ′(−2) = limx→−2

x+2
x2−4

+ 1
4

x+2
= limx→−2

4+(x−2)
4(x+2)(x−2)

= limx→−2
1

4(x−2)
= −1

16
.

f ′(x) = limh→0
f(x+h)−f(x)

h
= limh→0

1
x+h−2

− 1
x−2

h
= limh→0

x−2−(x+h−2)
(x+h−2)(x−2)

= −1
(x−2)2

,�x �= −2

� .

3. f(x)�x = 0����� .(∵ f ′(0) = limx→0
f(x)−f(0)

x−0
= limx→0 sin 1/x���.

f(x)���� .(� f(x)�x = 0��� .)(∵ |x sin 1/x| � |x|.)

4. a)f ′(x) = 5

3 3
√

(5x−2)2

b)f ′(x) = 1
3
(x2 + 3x − 6)−2/3(2x + 3)

c)f ′(x) = d
dx

(e(2x+1) ln 3) = e(2x+1) ln 3 · 2 ln 3 = 2 · 32x+1 ln 3.

d)f ′(x) = d
dx

(ex2 ln x) = ex2 ln x(2x ln x + x) = xx2
(2x ln x + x).

5.	��x = 2��� f����� ,

f ′(2) =

{
limx→2−

(mx+b)−(2m+b)
x−2

= m

limx→2+
x2−4+(4−2m−b)

x−2
= 4���� ,� 4 − (2m + b) = 0

�	m = 4, b = −4.
� :
������� limx→2 f(x) = f(2)
�	
 4 = 2m + b.

6. i)���� ;f ′(0) = limx→0
x3 sin(1/x)−0

x−0
= lim x2 sin(1/x) = 0.

ii) f ′(x)����� .(� f������ .)

iii) f ′′(0)��� .(� f ′(x) = 3x2 sin(1/x) − x cos(1/x).)

7.a) y′ = y2−2xy
1−2xy

, 1 − 2xy �= 0

b) y′ = 1−sin(xy2)y2

2y−2xy sin(xy2)
, 2y − 2xy sin(xy2) �= 0.

c)y′ = 3y−3x2

y2−3x
, y2 − 3x �= 0.

d)y′ = −xyex+y
ex+y+x

, ex+y + x �= 0.

8. a) dy = −8(2x + 3)−5dx b) dy = [(1 − e5x)1/x − 5e5x ln x]dx
c) dy = 3(1 + tan x)2 sec2 xdx d) dy = 3

2

√
t2 − cot x + 2(2t + csc2 t)dt

9. a) L(x) = 1
2·2(x − 3)
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b) L(x) = 0 + 1(x − 0)
c) L(x) = cos 1 + (x − 1)(cos 1 − sin 1)

10. a) limh→0 ε(h) = limh→0(f(x + h) − f(x) − f ′(x)h) = limh→0 h[f(x+h)−f(x)
h

− f ′(x)] =

limh→0 h · limh→0[
f(x+h)−f(x)

h
− f ′(x)] = 0.

b)limh→0
ε(h)
h

= limh→0[
f(x+h)−f(x)

h
− f ′(x)] = 0,��������� f��� .

11. a) | tan x−tan y
x−y

| = | sec2 ξ| ≥ 1,∀x, y ∈ (−π/2, π/2),∃ξ ∈ (x, y)or(y, x)

b) tan−1 x−π/4
x−1

= 1
1+ξ2 , ∃ξ ∈ (x, 1), 0 < x < 1.

	 1
1+1

< tan−1 x−π/4
x−1

< 1
1+x2 .

c) ln(1+x)−ln 1
1+x−1

= 1
1+ξ

,��0 < ξ < x�− 1 < ξ < x < 0

12. i) f(x)
x = 0����� .

ii) f(x)
x = 0����� .

13. a) sin θ
θ

= sin θ−sin 0
θ−0

= cos ξ, ξ ∈ (0, θ), θ < π/2).


 cos ξ
 (0, π/2)��� ,	 1
π/2

< sin θ/θ < 1.

b) xp−1
x−1

= pξp−1, x > 1, x > ξ > 1, p > 1(������ .)

c)����� 0 < p < 1��� .

14. a) 1 b) 1 c) 1(�� :xx = ex ln x) d) 0(�	 3p.138)
15.

16.
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17. F ′(0) = f ′(g(0))g′(0) = (2x + 2)|x=01 = 2

18. i)���� :����� ,�∃x1, x2 ∈ I, x �= x2,� f(x1) = f(x2)����	
�

�
� c ∈ (x1, x2)� f ′(c) = f(x2)−f(x1)
x2−x1

= 0,�������� .

ii)� f(x) = x3� (−1, 1)���� ,� f ′(0) = 0.

19.������� ,� ∃c �= x� f(c) �= f(x).��	
��
� ∃ξ ∈ (c, x)�

f ′(ξ) = f(x)−f(c)
x−c

�= 0,������ .

20.

f ′(0) = lim
x→0

f(x) − f(0)

x − 0
= lim

x→0

e−1/x2

x

= lim
x→0

1/x

e−1/x2 = lim
x→0

−1
x2

e1/x2−1/x3

= lim
x→0

x

e1/x2 = 0

21. a)��	����(−2, 1)�
�� .���!"#$%�y′ = −y2−4(x+2)y
2xy−2(x+2)2

, y′|(−2,1) =
1
4
.�&Δy ≈ y′Δx = 1

4
(−0.01) = −0.0025.

b)��	����(−2,−1)�
�� .���!"#$%�y′ = −y2−4(x+2)y
2xy−2(x+2)2

, y′|(−2,−1) =

−1
4
.�&Δy ≈ y′Δx = −1

4
(−0.01) = 0.0025.

22. i)'��� x = 0(
�)� . limx→0 f(x) = limx→0(x tan−1 1/x) = limx→0 x ·
limx→0 tan−1 1/x = 0 · π/2 = 0 = f(0).��& f(x)�x = 0(
� .

ii) f ′(0) = limx→0
x tan−1 1/x−0

x−0
= limx→0(tan−1 1/x) = π/2.�& f�x = 0(�!" .

23. f ′
3(x) = cos x − 1 + 1

2
x2 < 0(��f2 > 0),�* f3(0) = 0,+� sin x > x − 1

6
x3.
,

-
�� .

24. limx→0
ax2+d sin bx+sin cx+sin dx

3x2+5x4+7x6

= limx→0
ax2+(bx− (bx)3

6
+···)+(cx− (cx)3

6
+···)+(dx− (dx)3

6
+cdots)

3x2+5x4+7x6 = 8

�&"�.�/��� 0,�) b + c + d = 0, a/3 = 8,+�a + b + c + d = 24.
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